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Abstract 
Kang. M.-c.. A note on the birational cancellation problem, Journal of Pure and Applied 
Algebra 77 (1992) 141-154 
Let k be any field, K, and KZ finitely generated extension fields of k, K,(x,, . x,,) and 
Kz( y,. , y,,) the rational function fields of n variables over K, and K2. respectively. Suppose 
that v : K,(x,. ,x,?)+ K?(y,, , y,,) is a k-isomorphism of K,(x,. . x,~) onto 
KI( y, , . y,,). Theorem A. If g(x,) = y, for 1 5 i 5 II. k is infinite and Aut,( K,) is finite, then 
a(K,) = KZ. Theorem B. (1) If K, has no proper k-endomorphism, then K, is k-isomorphic to 
KZ. (2) If Aut,(K,) is finite and K, has no proper k-endomorphism. then a(K,) = KZ. 
1. Introduction 
Let k be any field, V, and V2 irreducible algebraic varieties over k, P” the 
n-dimensional projective space over k. Suppose that (T : V, x P” -+ V, x P” is a 
birational map. Consider the following questions: 
Question 1. Is it necessary that V, is birationally isomorphic to V2? 
Question 2. If (u ; x(,, X, , . . . , x,~) is a generic point of V, x P” and we assume that 
a(u; X(1, Xl, . ,x,,) = (w; x,,, x,, . . . , x,,) for some w E V,, is it necessary that V, 
is birationally isomorphic to V?? 
Question 3. If T, : V, x P”+ V, denotes the natural projection for i = 1,2, under 
what situations will there exist a birational map T : V, + V, so that TV = TT,? 
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We shall formulate the above questions in algebraic terminology. Let k be any 
field, K, and KZ finitely generated extension fields of k. K,(x,, . . . , x,,) and 
K2(y,. . . , y,,) the rational function fields of n variables over K, and K2, 
respectively. Suppose that cr : K,(x, , , x,,)+ K2( y,, . . , , y,,) is a k-isomorph- 
ism from K,(x,. . ,x,,) onto K,(y,, . , y,,). 
Question 1. Is it necessary that K, is k-isomorphic to K,? 
Question 2. Assume that I = y, for 15 i 5 n. Is it necessary that K, is 
k-isomorphic to K,? 
Question 3. Under what situations will cr(K,) = KZ? 
Note that Question 1 is the famous Zariski cancellation problem [25] and 
Question 2 is called the Samuel problem by Ohm [21, p. 3.51 because of Samuel’s 
paper [24]. 
Let k. K,(x,, . , x,,), K2( y,, . , y,,) be as before. The main results of this 
paper are the following theorems: 
Theorem A. Let u : K,(x,, . , x,,)--+ K>( y, , , y,,) be a k-isomorphism of 
K,(x ,,..., x,,) onto K,(y ,,..., y,,) so thut u(x,)=y, for lsisn. Zf k is 
infinite and Aut,(K,) is finite, then a(K,) = K,. 
Theorem B. Let CT : K, (x,, . . , x,!)- K2( y,, . , I,,,) be a k-isomorphism of 
K,(x,. . , x,,) 0~~0 K,( y, > . 3 Y,,). 
(1) If K, has no proper k-endomorphism (see Definition 2.8), then K, is 
k-isomorphic to K2. 
(2) Zf Aut,(K,) isfi m e ‘t and K, has no proper k-endomorphism, then a(K,) = 
K,. 
Note that Theorem A and Theorem B(2) are generalizations of Deveney’s 
Theorems 2.14 and 2.15 of Section 2. 
We shall organize this paper as follows. In Section 2 we shall summarize the 
known results of the above three questions as far as we know and introduce some 
basic notions. The properties of these notions will be discussed in Section 3. The 
main results are established in Section 4. 
Stunding notutions: k is any field, K, and K2 are finitely generated extension 
fields of k. K,(x,, . . ,x,,) and K,(y,, . . , y,,) denote the rational function fields 
of n variables over K, and K,, respectively; when n = 1, we simply write K,(x) 
and K2( y). By trans deg, K, we shall mean the transcendence degree of K, over k. 
Aut,(K) denotes the group of k-automorphisms on K. 
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2. Known results 
In this section a summary of the known results of the cancellation problems is 
given for the convenience of the reader. 
The case of trans deg, K, = 1 is discussed in [17; 3; 12; 10; 11, Theorem 3; 21; 
221, whose answer is quite satisfactory. 
Theorem 2.1. Let CT : K, (x,, . . . , x,,)* K,( v, , . , y,,) be a k-isomorphism of _ _ 
K,(x,, . . . > x,,) onto K,( y, , , y,,) and trans deg, K, = 1. Then a(K,) = K, 
unless the genus of K, over its exact constant field is zero. When the genus of K, 
over its exact constant field is zero, K, is still k-isomorphic to K2, but it is not 
necessary that the restriction of o to K, will provide a k-isomorphism from K, onto 
K2. 0 
Before discussing the 2-dimensional case, let us recall some notions in field 
theory. 
Definition 2.2. Let K be a finitely generated extension field of k. K is called 
rational over k if K is purely transcendental over k. K is called unirational over k 
if K is contained in a purely transcendental extension field of k. K is called stably 
rational over k if, for some nonnegative integer r. K(t,, . . . , t,-) is rational over k, 
where K(t, , . . t,) is the rational function field of r variables over K. K is called 
ruled over k if there is a subfield A of K containing k so that K = A(t) for some 
element t E K, where t is transcendental over A. K is called uniruled over k if 
there exists a finite extension field L of K so that L is ruled over k. 
Note that a field K which is not uniruled over k is called anti-rational over k by 
Nagata [17]. In that same paper, a quasi-rational field over k in Nagata’s sense is 
the same as a field over k so that every subfield containing k is uniruled over k. 
The 2-dimensional case is not difficult when char k = 0 and k is algebraically 
closed, by applying the Enriques classification of algebraic surfaces. 
Theorem 2.3 [25; 17; 12, Theorem 7; 11, Theorem 51. Let o : K, (x, , . . , x,,)+ 
K,(Y,, . . , y,,) be a k-isomorphism of K, (x, , . . , x,,) onto K2( y, . . . , y,,) and 
trans deg, K, = 2. Assume that char k = 0 and k is algebraically closed. Then 
o(K,) = K1 unless K, are ruled over k for i = 1,2. When K, are ruled over k for 
i = 1,2, they are still k-isomorphic. 0 
Remark 2.4. We do not know the answer to the Zariski cancellation problem, i.e. 
Question 1 of Section 1, when char k = p > 0, k is algebraically closed and 
trans deg, K, = 2. In fact, if Lemma 5 of [ 121 or Theorem 4 of [ll] can be 
extended to the case of char k = p > 0, then we can argue as in the characteristic- 
zero case and obtain results similar to Theorem 2.3. 
The most interesting results on the Zariski cancellation problem are the 
following Theorems 2.5 and 2.6 established by Beauville, Colliot-ThCIene, Sansuc 
and Swinnerton-Dyer [l; 151. 
Theorem 2.5 [l, Theorem 1 and Theorem 21. Ler k be any field so thut char k # 2 
and k admits u Galois extension with Galois group S,, the symmetric group on 
three letters. Consider the field extension K over k. 
K = k(x, y, z) where x2 - ay” = f(z) , 
such that 
(i) f(z) E k[z] is irreducible of degree three, and 
(ii) a = disc(f(z)) E k\(O) is not u square in k. 
Then K is not rational over k but K is stably rationul over k. In fuct, K(t,, t,, t3) 
is k-isomorphic to a r~ltional function fieLd of five ~~~riables over k. U 
Theorem 2.4 [l, Theorem 1’ and Theorem 31. Let k be any algebraically closed 
field with char k # 2. Consider the field extension K over k, 
K = k(x, y, z, w) , where x2 - a(w)y’ = f(w. z) . 
such that 
(i) f(w, z) E k[w, z] is irreducible of degree three in z, and 
(ii) a(w) = disc;( f(w, z)) E k[ w]\{O} is square-free of degree ~-5. 
Then K is not rational over k but I( is stably rational over k. In fact, K(t,, tZ, t,) 
is k-isomorphic to a rational ftmction field of six vuriables over k. q 
We shall devote the remaining part of this section to discussing some results of 
the cancellation problem by adding restrictions on the fields K,. 
Definition 2.7. Let k be an algebraically closed ficid with char k = 0, K a finitely 
generated extension held of k. The KodLzira dimension of K over k, denoted by 
K(K), is the Kodaira dimension of V over k, K(V), where V is any nonsingular 
projective variety over k whose function field is K. 
Definition 2.8. Let K be a finitely generated extension field of k, a : K+ K a 
k-endomorphism of K. u is called a proper k-endomorphism if (T is not onto. 
Theorem 2.9 (Samuel [24, Theorem 11). Let cr : K, (x, . . . , x,~) -+ I&( y , , 
. . . ) y,,) be a k-isomorphism of K,(x,, . . , x,,) onto K2( y,, . . , y,,) so that 
cr(x;) = y, for 1 5 i or n. Assume that k is an infinite field. Then K, is k-iso- 
morphic to K?. iI 
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In case k is a finite field, we have the following improvement due to Nagata. 
Theorem 2.10 (Nagata [17, Lemma 21). Let cr : K,(x)+ Kz( y) be a k-isomorph- 
ism of K,(x) onto K2( y) so thut o(x) = y. Assume that neither K, nor Kz is ruled 
over k. Then K, is k-isomorphic to K?. 0 
Theorem 2.11 (Nagata (17, Corollary 21). Let o: K,(x,. . . . ,x,,)-+ K,(y,, 
. . . > y,,) be a k-isomorphism of K,(x,, . . , x,~) onto K,(y,, . . . , y,). Assume 
that K, is not uniruled over k. Then o(K,) = K?. 0 
Theorem 2.12 (Kang [ll, Theorem 41). Let cr : K,(x,, . . . , x,)-+ K2( y,, . . . , y,,) 
be a k-isomorphism of K,(x, , . . , x,,) onto K,( y,, . . . , y,,). Assume that 
char k = 0, k is algebraically closed and the Kodaira dimensions of K, are 
nonnegative for i = 1,2. Then a(K,) = KZ. 0 
Remark 2.13. The above Theorems 2.11 and 2.12 are very similar. In fact, 
assuming char k = 0 and k is algebraically closed, it is well known that, for a 
finitely generated extension field K of k, 
K is uniruled over k 
@ K is ruled over k 
G K(K) is strictly negative 
provided that trans dcg, K 5 2. 
When trans deg, K = 3, it is not necessary that uniruledness will imply ruled- 
ness. (See Remark 3.4 for more details.) However, by [16, Theorem (0.1.2)], K is 
uniruled if and only if K(K) = --x (iff K(K) < 0) provided that trans deg, K = 3. 
Theorem 2.14 (Deveney [4, Theorem 21). Let u : K,(x)+ K2( y) be a k-isomorph- 
ism from K,(x) onto K2( y) so that C(X) = y. Assume that k is infinite and 
Aut,(K,) is finite. Then a(K,) = K,. 0 
Theorem 2.15 (Deveney [5, Corollary 31). Let o : K,(x)+ K3( y) be a k-isomorph- 
ism from K,(x) onto K7( y). Assume that Aut,(K,) is finite and K, has no proper 
k-endomorphism. Thena = K2. 0 
3. Some lemmas 
Lemma 3.1. Let k be an infinite field, K any field containing k, 
>x?_, . . . , x,,) E K[x,, . . , x,,], the polynomial ring of n variables over K. If 
,a?,..., a,,)=0 for any a,.a,, . . . , a,Ek, thenf(x ,,..., x,,)=O. 
Proof. Since the coefficients off involve finitely many elements of K, we can find 
elements (Y,. a,, . , CY,. E K so that the following two conditions are satisfied: 
(i) LY,. cy2, . , a, are linearly independent over k, and 
(ii) f‘(x,,xZ, . . ..x.,)=f,(x,, . . . . x,,)N, +f2(x,,x2, . . . . x,~)‘Y~+~~.+~,.(x,, 
. . . , ~-,,)a,.. where each f;(x,. . , x,,) E k[x,. . , x,,], the polynomial ring of n 
variables over k. 
Now,foranya,,a, ,..., a,,~k. 
(J=f(a,, ,a,,)= c !;(a,,. . . ,a,,)a,. 
,=I 
Since eachf,(a,, . . . , a,,) E k and cy,, . . , n,. are linearly independent over k, it 
follows that 
f,(u,. . ,u,,)=f2(u,,. . . .a,,)=‘..=f,.(u,.. . . ,a,,)=0 
foranyu ,,..., u,,Ek 
Since k is infinite, 
j-,(x ,,.... x,,)=f2(x ,,...,I r,,)=...=f,.(x ,I..., x,,)=O 
Hence the result. 0 
Lemma 3.2 [4, Lemma 41. Let k he any field, k its algebraic closure and 
o- : K, (x, , , .I-,,) -+ K2( y, , . , y,,) a k-isomorphism from K, (x,, . . . , x,,) onto 
K,(y,, . . , y,,). Asswne that k is algebraically closed in K, (x, , . , x,,) and let 
G=a@id: K,(x ,,... . x,,)@~ k+ K,(y,, . . 3 y,,)@r k 
be the extension of u by keeping fixed every element of k. If c?(K, @/, k) = K2 @3’/, k, 
then cr(K,) = KI. 
Proof. By assumptions. y(K, ) C (K, gr k) n K,( y, , . . , y,,). 
Claim_: K2 = (K,@, k) f’ K2(y,. , y,,). Clearly K2 C L, where L = 
(K,@,k)n K,(_v,. . . . y,,). On the other hand, K2 is algebraically closed in 
K,(y,. . . . I,,,) and therefore it is also algebraically closed in L. However, 
Kz @Ifi k is algebraic over K2 and so is L over K2. It follows K1 = L. 
Thus c( K,) C K’. Now K, and K2 have the same transcendence degree over k. 
Therefore, KZ is algebraic over P( K, ). But a(K,) is algebraically closed in 
a(K,(x,, . . .,x,,))= K,(y,,. , y,,). Hence a(K,)= K2. 0 
Lemma 3.3. If K has no proper k-endomorphism und K is not a finite$eld. then k 
is un infinite field. 
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Proof. Suppose that char k = p > 0. If k is the finite field of q elements, consider 
the Frobenius automorphism (T : K-+ K which sends every element (Y E K to (Y’. 
Then u is a k-endomorphism of K. Since K is finitely generated over k and 
trans deg, K 2 1, K is not a perfect field. It follows that K f K”. Hence cr is not 
surjective. A contradiction. 0 
Remark 3.4. We shall give some examples which are uniruled but not ruled over 
some subfields. 
Let k be any algebraically closed held with char k = p 2 3, K the function field 
of a unirational but nonrational algebraic surface over k as constructed in [27. 
Section 81. Clearly K is uniruled over k. K is not ruled over k. For, supposing 
K = A(t) for some t E K, where t is transcendental over A, the field A would be 
unirational and therefore rational over k by [17, Section 21. Hence K would be 
rational over k. A contradiction. 
When k is not algebraically closed admitting S, as a Galois group and 
char k # 2, we shall find an extension field K so that trans deg, K = 2, K is 
unirulcd but not ruled over k. Similarly, when k is algebraically closed with 
char k # 2, we shall find an extension field K so that trans deg, K = 3, K is 
uniruled but not ruled over k. In fact, the field K in Theorems 2.5 and 2.6 will 
work. K is uniruled because it will become rational when we adjoin ti or m 
to it. K is not ruled over k. For, supposing K = A(t) for some t E K, where r is 
transcendental over A, the held A would be rational over k if trans deg, A = 1 
again by [17, Section 21, and it remains so if trans deg, A = 2 by Castelnuovo’s 
Theorem [27]. Hence K would be rational over k. A contradiction. 
Remark 3.5. WC shall examine some cases of fields K such that Aut,(K) is finite. 
For simplicity we shall assume that k is algebraically closed. 
It is trivial that Aut,(K) is infinite if K is ruled over k. A well-known result is 
that Aut,(K) is finite if the Kodaira dimension K(K) is equal to trans deg, K, i.e. 
K is the function held of an algebraic variety of general type (e.g., nonsingular 
curves of genus 22. nonsingular hypersurfaces in PI’+’ of degree ?n + 3) [9, 
Theorem (3.2)]. However, some nonsingular hypersurfaces of degree 4 have also 
finite birational automorphism groups [14. Theorem 31. 
Now consider the cast trans deg, K = 1. It is well-known that Aut,(K) is finite 
if and only if the genus of K is ~2 [Y, Section 71. 
It remains to consider the case trans deg, K = 2. First of all, some general facts. 
Let X be any nonsingular projective surface with function field K. If the (relative) 
minimal model of X is not P’, then the automorphism group of X and that of its 
(relative) minimal model differ by a finite group, by considering the actions of 
Aut(X) on the set of exceptional curves [6; 7, Corollary (1.2)]. Moreover, if X is 
not ruled or rational, the automorphism group of the minimal model of X 
coincides with Aut,(K) [6]. In other words, when K(K) 2 0, finiteness of Aut,(K) 
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is the same as that of Aut(X), where X is any nonsingular projective surface with 
function field K. 
Return to Aut,(K) when trans deg, K = 2. The situations of K(K) = --x or 2 
are clear. It remains to consider the cases of abelian surfaces, K3 surfaces, 
Enriques surfaces and elliptic fibre surfaces. Let X be such a surface with function 
field K. If X is an abelian surface, then Aut(X) is infinite since any translation will 
give an algebraic-surface automorphism. However, some K3 surfaces and En- 
riques surfaces have only finite automorphism groups [18]. When X is an elliptic 
fibration over a curve C, K defines an elliptic curve of genus one over k(C). If this 
elliptic curve has infinitely many k(C)-rational points, then Aut,(K) is infinite 
since there are infinitely many translations [13, Theorem 8, p. 35). 
Remark 3.6. We shall now consider the condition whether K has a proper 
k-endomorphism. For simplicity we assume char k = 0 and k is algebraically 
closed. 
Again it is trivial that K has proper k-endomorphisms if K is ruled over k. 
Moreover, it is pointed out in the proof of [5, Corollary 41 that if K(K) is equal to 
trans deg, K, then K has no proper k-endomorphisms. 
Consider the case trans deg, K = 1. By Hurwitz’ formula it is easy to see K has 
no proper k-endomorphisms if and only if the genus is ~2. 
Remark 3.7. We shall give an example K so that Aut,(K) is finite but K has a 
proper k-endomorphism. Let k = Q the rational number field, K the function 
field of an elliptic curve C defined over Q. Assume that C has at least a Q-rational 
point and the group of all Q-rational points is a finite group [26, Lecture 51. 
Clearly Aut,(K) is finite since there are only finitely many translations of C 
defined over Q. Moreover, the multiplication by m (m is an integer ~2) on C will 
provide a proper Q-endomorphism of K. 
4. The main results 
First of all we shall give a proof of Samuel’s Theorem 2.9 because the same 
arguments will be used in the proof of Theorem 4.2. 
Theorem 4.1 (Samuel’s Theorem). Let u : K, (x, , . . , x,~)+ K2( y,, . , y,,) be a 
k-isomorphism of K,(x,, . . , x,,) onto K7( y,, . , y,,) so that a(~;) = y, for 
1 5 i 5 n. Assume that k is infinite. Then K, is k-isomorphic to K,. 
Proof. For any a,, . . . , a,, E k, we shall denote by QcU,, _,) any Kz-specializa- 
tion of K,(y,, . . , y,,) into K2 which sends each y, to LY;. Such a specialization 
exists by considering, for example, the composite of the successive specializations 
K(Y,, . . . 3 Y,)+ K,(Y,, . 1 Y,,-,)? 
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K,(Y,>. . . , y,z-,I+ K(y,, . . > y,g_z)> . > K(y,)* K2. 
At first, we proceed as in [23, Lemma 1; 20; 4, Theorem 21. Let {w,, . . . , w,} 
be a set of generators of K, over k. 
Write 
f,(Y,, . 3 Y,,) 
wf = g,(y,, . . 1 Y,,> ’ 
where i,gi E a(K,)[y,, . , y,,]. Let the nonzero coefficients of A( y,, . . , y,) 
be {a,,} and the nonzero coefficients of g,( y,, . . . , y,,) be { b,j}. Let a, = 
f,(y,, . . . , y,,), b, = g,(y,, . . . , y,,). Each of the elements {a,, u,~, b,, b,,} is a 
reduced (!) rational function in y,, . . . , y,, with coefficients in Kz. Let 
cp(Y,?. . 1 y,,) E K,[y , , . , y,,] be the product of all the denominators of 
{a,, ai,, b,, b,} together with all the numerators of {a,, 6,). 
Since k is infinite, there are (Y,, . , a,, E k such that cp(a,, . . . , a,,) # 0 and 
K, C %. ctI,,l(4Kl >I since Wi = QL,. ,,,l(wi> and 
It follows that K, = QCU,, ,u,,J (o(K,)). That is, the restriction of @Cm,. ,o,,j to 
CT(K,) gives an isomorphism from K, onto K1. 0 
Theorem 4.2. Let v : K, (x, , . , x,,) -+ Kz( y, , . . . , y,,) be a k-isomorphism 
from K,(x,, . . , x,,) onto Kz( y,, . . . , y,,) so that a(~;) = y, for 1 5 i 5 II. 
(1) Assume that k is infinite and Aut,(K,) is finite. Then u(K,) = K,. 
(2) Assume that k is finite, ulgebruicully closed in K, and Aut,(K, CXjk ) is 
finite, where k is the algebraic closure of k. Then a(K,) = K,. 
Proof. (2) follows from (1) by applying Lemma 3.2. Thus it remains to establish 
(I). 
Proceed as in the proof of Theorem 4.1 and adopt the same notations. We find 
that, for any a,, . . , a,, E k, either ‘p(a, , . , a,,) = 0 or ace,, J’TW, >I = 
K,. 
By symmetry, find a k-isomorphism 1zI from K2 onto K,. We find that, for any 
QyI>. *. , a,,Ek,eithercp(a ,,..., a,,)=OorF*QCU ,,.,,, ,,.aisak-automorph- ,Z 
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ism on K,. These k-automorphisms are, in fact, finitely many because Aut,(K,) is 
finite. 
Suppose that a(K,) is not contained in K’. Then there is an element u E K, 
such that cr(u)$?K, and is a genuine rational functions in K2( y,, . , y,,); write 
u(u) = 
cp,(Y,> . . 1 Y,,) 
cp,(Y,, ” . 7 Y,,) ’ 
where CP,,(P~ E K,[Y,~ . T Y,,]. 
Let {@(,, ,,,,_ ,,,,(a(~)): aI,. . . , a,, E k (~(a,, , q,)fOl = 16,. . 3 P,>> 
where p, E K,. 
Then, for any q, . . , a,, E k, 
1 cp~li(P,-P,%) (a ,‘...3 1 a,,) = 0 
1-i 
By Lemma 3.1, we have 
cp. JJ (cp, - P,(F2) = 0 
Certainly q # 0. hence 9, - p,q? = 0 for some i. Thus a(u) = p, E K1. A 
contradiction. 
We conclude that a(K,) C K,. It follows that a(K,) = K, since a(K,) is 
algebraically closed in K7( y,, . , y,,). El 
Remark 4.3. The following geometric proof of Samuel’s Theorem 4.1 is suggested 
by the referee, to whom I am very grateful. 
Without loss of generality, we may assume that k is algebraically closed in K,, 
i = 1,2. 
Let V, and V, be irreducible affine varieties whose function fields are K, and 
K,, respectively. Suppose that cr : V, X P”+ V, X P” and r : V, X P”+ V, X P” 
are birational maps such that TV = id, OTT = id on an open set of V, x P” for 
i = 1,2. Assume that U(U; x0, x,, . . , x,,) = (w; x0, x,, . . . , x,,), where (u; xc,, 
x,, . . , x,~) is a generic point of V, X P”, i.e. 7~~ = rr,(~on an open set of V, X P”, 
where r, : V, x P”+ P” is the projection for i = 1,2. 
Let 0, be open subsets of V, x P” on which (T and T are regular morphisms 
respectively. Set R = L?, n F ‘(0,). Then we have regular morphisms 
CT: R+f& and r:flz+V, x P” 
so that ru is the identity map on R. Clearly n, = 7rzu and rz = 7~~ r on R and fln2, 
respectively. 
By Chevalley’s Theorem [S, Exercise 3.19, p. 941, rr,(O) contains an open 
subset WC P”. Find a point a := (a,,, (Y,, . , a,,) E W. Let fla = Jj fl (V, X 
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{al>, %.a = 0, n (v, x {a>). Th e restrictions of (T and T to ,Rn and 0,,<, provide 
the birational morphisms of fia and 02,n, hence the birational maps of V, and V,. 
Note that in the above arguments, if k is algebraically closed, we can replace P” 
by any quasi-projective variety. 
Theorem 4.4. Let u : K,(x,, . . , x,,)-+ K2( y,, . , y,,) be a k-isomorphism 
from K,(x,, . . . , x,,) onto K,(y,, . . . , y,,). Assume that K, has no proper k- 
endomorphism. Then K, is k-isomorphic to Kz. 
Proof. Argue as [23, Lemma 1; 201. We may assume that K,(y,, y,, . . . , y,,) is 
algebraic over v(K,)( y,, y7, . . . , y,). For, we can reindex these y,, . , y,, and 
assume that y,, . . . , y,, are algebraically independent over V( K, ) and 
tram deg, ~K,)(Y,, y2. , y,,,) = tram deg, a(K,)(y,, , y,,) 
for some Olm<n. Now let {z,,. , z,} be elements in K2 so that they form a 
set of transcendence base of K2. a(K,)(y,, . . , y,,) = K,(y,. . . , y,,) over 
~K,)(Y,, . . 3 Y,,). Then 
t = trans deg U(K,)(” ,,.. .?;,,) KZ(Y,, . . . ’ Y,,) 
= (trans deg, K, + n) - (trans deg, a(K,) + m) 
=n-m. 
Let Y,:,., = Y,,~+~ +z13 Y,:,+~ = Y,,?+~ + z2,. 7 Y,', = Y,, + *,,. Then K2(y,, . ) 
Y,,) = MY,, . . y Y,,? y,illil.. . ) Y,',) and Q(Y,~. . . T Y,,,, Y,:,.,, . . . 1 Y,:> is 
algebraic over ~K,)(Y,, . . . , Y,,, y,l,+,, . . , y,!,). 
Similarly, we can assume that K,(x,, , x,~) is algebraic over 
a-‘(K&,3 . , x,,). 
Let {w,, . . . , w,-} be a set of generators of K2 over k. Since each w, is algebraic 
over a(K,)(y,, . . . , y,,), let each wi satisfies the following equation: 
f,.,,w:‘+L .,,-, w:-‘+...+fr,o=o, (1) 
where f,, E ~K,)[Y,, . . , Y,,I and A.,, # 0. 
Let {a,,,} be the nonzero coefficients off,, , a,,, E a( K,). We require that each of 
the elements { f,.,,, a,,} be written as a reduced rational function in y,, . , y,, 
with coefficients in K2. Let cp( y, , . . . , y,,) E K2[ y,, . . . , y,,] be the product of all 
the denominators of {i,,,, a,,,} together with all the numerators of {f,,,,}. 
For any (Y,, . . . , a,, E k, let @CC+. .a,,) be any K,-specialization of 
K,( y, , . . . , y,,) into K, which sends y, to (Y,. 
Since K, has no proper k-endomorphism, k is infinite by Lemma 3.3. By 
Lemma 3.1, choose (Y,, . . , a,, E k so that (p((.y,, , (Y,,) # 0. We claim that K, 
is algebraic over @(,,,. ,,,,(dK, >I. For, apply Qcu,. .u,,J to (1). We have 
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+.*-+ @ (a,. .,,,,uJ = 0. 
Since ‘~(a,, . . , a,,) f 0, @((,,,, ,,,,,( f;,,,) is nonzero and finite. Hence wr is 
algebraic over @(,,,, .&Jw,N 
Therefore, when cp(a!, . . . , q2) # 0, 
trams deg, K,. 
trans de& q<r,. .aJ4~, )) = 
Since (the rational rank of the valuation) + 
trans deg, QcL,, ,,,,,,(v(K,)) 5 trans deg, cr(K,) [2, Corollary 1, p. 4391, the val- 
uation induced by ect),,,,, <?,,) is trivial on c(K,). Thus the restriction of @(<II. iill ) 
to a(K,) gives an injection from K, into K,. This injection must be onto; 
otherwise by composing with another injection \v form Kz into K, similarly 
constructed, we would get a proper k-endomorphism of K, . Hence @(:,,, ’ 
a(K,) = K,. 0 
.U,,) 
Theorem 4.5. Lei v : K, (x, , . . . x,,) * K2( y, , . . , y,,) be a k-isomorphism from 
K,(x,, . t x,,) onto K2( y,, . , y,,). Assume that Aut,(K,) is finite and K, has 
no proper k-~~dorn~?rph~.~rn. Then u( K, ) = K,. 
Proof. Proceed as the proof of Theorem 4.4 and adopt the same notations. 
We find that, for any cy,, . . . , a,, E k, either ‘~(a,, . . , a,,) =O or 
@ (a,.. .,,,,,WG)) = K. 
By symmetry, find a k-isomorphism V from K1 onto K,. We find that, for any 
“,, . . . , a,, E k, either cp(cu,, . . , cu,,) = 0 or q. @ccx,. ,. ) . CT is a k-automorph- 
ism on K,. These k-automorphisms are, in fact, finitely many because Aut,(K,) is 
finite. 
Now the remaining part of the proof is the same as that of part (1) of Theorem 
4.2. The proof given there can be adopted in this situation without changing even 
a word or any notations. Cl 
Remark 4.6. Theorem 4.5 is a generalization of a theorem of Deveney [5, 
Corollary 31. Our proof is independent of Deveney’s one-variable result since 
Ohm’s ruled residue theorem [19] is used in Deveney’s arguments [S, Theorem 21 
while no several-variable analogue of Ohm’s theorem is available [ 11, Remark of 
Theorem 6]. 
Remark 4.7. We do not know the answers to the f~~llowin~ questions: 
(1) For any finite field k, if v : K,(x,, . . , x,,); K2( y,, . , y,,) over k with 
m(x,) = y, for 15 i ‘;c: n, is K, then k-isomorphic to K,? 
(2) If cT : K,(x,, . . , x,,)-Ls K,(y,, . . . , y,~)overkwith~(~,)=y,forl~~~~ 
and K, has no proper k-endomorphism, is a(K,) = K2? 
(3) If V: K,(x,,. . ,x,,)---,K2(y,,. . , y,,) over k and Aut,(K,) is finite, is 
K, isomorphic to K1 over k’? and is it possible that a(K,) = Kz? 
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For any aEAut,(K,), (T has a natural extension 6 to K,(x,, . . . , x,,) by 
6(a) = a(a) for all a E K,, 6(x,) = x,. Hence we can regard Aut,(K,) as a 
subgroup of Aut,(K,(x,, , x,,)). 
Corollary 4.8. Suppose that Aut,(K,) is finite and K, has no proper k-endo- 
morphism. Then Aut,(K,(x,, , x,,)) is the semi-direct product of Aut,(K,) 
with Aut,,(K,(x,, . . . . x,,)). In particular, for any v E Aut, (K, (x, , . . . , x,,)), 
a(K,) = K,. 
Proof. The first statement follows from the second one, while the second 
statement is immediate by Theorem 4.5. 0 
References 
[ 11 A. Beauville. J.L. Colliot-Th@l&te. J.J. Sansuc and Sir P. Swinnerton-Dyer, VariCtes stahlemcnt 
rationnellcs non rationcllcs. Ann. of Math. I21 (lY86) 2X3-315. 
[2] N. Bourbaki. Commutative Algebra. English translation (Addison-Wesley, Reading, MA. 1972). 
[3] J. Deveney, Ruled function fields. Proc. Amer. Math. Sot. X6 (1982) 213-215. 
[4] J. Devcney. Automorphism groups of ruled function fields and a problem of Zariski. Proc. 
Amer. Math. Sot. 90 (1984) 17X-180. 
[S] J. Devcney. The cancellation problem for function fields. Proc. Amer. Math. Sot. 103 (IYXX) 
363-364. 
[h] B. Harbourne. Automorphisms of K3-like rational surfaces, in: Proceedings of Symposia in Pure 
Mathematics 36 (American Mathematical Society, Providence. RI. lYX7). 
[7] B. Harbourne. Rational surfaces with infinite automorphism group and no antipluricanonical 
curve. Proc. Amer. Math. Sot. 99 (lY87) 4099314. 
[Xl R. Hartshorne. Algebraic Geometry, Graduate Texts in Mathematics 52 (Springer. Berlin. 
IY77). 
[Y] D. Huscmoller. Finite automorphism groups of algebraic varieties. in: Proceedings of Symposia 
in Pure Mathematics 32 (American Mathematical Society, Providence, RI. 1080). 
[lOl M. Kang, The hiregular cancellation problem. J. Pure Appl. Algebra 45 (lY87) 211-253. 
[ll] M. Kang, The cancellation problem, J. Pure Appl. Algebra 47 (1987) 1655171. 
[ 121 M. Kang and S. Roan. A note on cancellation problem, Chinese J. Math. II (lY83) 319-325. 
1131 S. Lang, Abelian Varieties (Interscience. New York. 105X). 
1141 H. Matsumura and P. Monsky. On the automorphisms of hypersurfaces. J. Math. Kyoto Univ. 3 
(lY64) 347-361. 
[ 151 L. Moret-Bailly. VariCtCs stablement rationnelles non rationnclles. in: Seminaire Bourbaki 
19X3-85. Asterisque 133/ 134 (1986) 223-236. 
[Ih] S. Mori. Flip theorem and the existence of minimal models for 3-folds. J. Amer. Math. SOC. 1 
(1988) 117-253. 
[ 171 M. Nagata. A theorem on valuation rings and its applications. Nagoya Math. J. 20 (1067) Xi-Yl. 
[1X] V.V. Nikulin. Surfaces of type K3 with a finite automorphism group and a Picard group of rank 
three, Proc. Steklov Inst. Math. (English translation) (1985) 131-155. 
[19] J. Ohm, The ruled residue theorem for simple transcendental extensions of valued tields. Proc. 
Amer. Math. Sot. X9 (1983) 16-18. 
[20] J. Ohm. On subfields of rational function fields. Arch. Math. 42 (lY84) 136-138. 
[21] J. Ohm. On ruled fields. Skminaire de Theorie dcs Nombres, Bordeaux. 1 (19X8-1989) 27-40. 
154 M.-c. Kang 
[22] J. Ohm, Function fields of tonics, a theorem of Amitsur-Mac Rae and a problem of Zariski, in: 
Proceedings of the Conference dedicated to Shreeram Abhyankar, to appear. 
[23] P. Roquettc. Isomorphisms of generic splitting fields of simple algebras. J. Reine Angew. Math. 
2141215 (1964) 207-226. 
[24] P. Samuel. Some remarks on Liiroth’s theorem. Mem. College Sci. Univ. Kyoto Ser. A 27 (1953) 
223-224. 
[2S] B. Segrc, Sur un probleme de M. Zariski, in: Colloque International d’Alg&bre et de Theorie des 
Nombres, Paris, 1940 (C.N.R.S.. Paris, 1950) 135-138. 
1261 J. Tate. Rational Points on Elliptic Curves, Haverford Philips Lectures, 1061. 
[27] 0. Zariski. On Castelnuovo’s criterion of rationality p,! = P, = 0 of an algebraic surface. Illinois J. 
Math. 2 (1958) 303-315. 
